Quantum Brachistochrone Problem and the Geometry of the State Space in 

Pseudo-Hermitian Quantum Mechanics 
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A non-Hermitian operator with a real spectrum and a complete set of eigenvectors may serve as 
the Hamiltonian operator for a unitary quantum system provided that one makes an appropriate 
choice for the defining inner product of the physical Hilbert state. We study the consequences of 
such a choice for the representation of states in terms of projection operators and the geometry of 
the state space. This allows for a careful treatment of the quantum Brachistochrone problem and 
shows that it is indeed impossible to achieve faster unitary evolutions using PT-symmetric or other 
non-Hermitian Hamiltonians than those given by Hermitian Hamiltonians. 

Pacs numbers: 03.65.-Xp, 03.67.Lx, 02.30.Yy, 02.40.-k 



Since the publication of the pioneering work of Ben- 
der and Boettcher [l[ on non-Hermitian PT-symmetric 
Hamiltonian operators, there have appeared numerous 
research articles exploring the mathematical properties 
of such operators and their possible physical applications. 
Recently, it has been suggested that one can obtain ar- 
bitrarily fast quantum evolutions using a class of such 
Hamiltonians [2]. If true, this will have drastic con- 
sequences in quantum computation, because for exam- 
ple it removes the bound on the time-optimal unitary 
NOT operations that is obtained within the frame- 
work of conventional (Hermitian) quantum mechanics 
0, H B 0- As pointed out in [al, this seems to contra- 
dict the equivalence of the quantum theory based on such 
non-Hcrmitian Hamiltonians and the Hermitian quantum 
mechanics [9|, [lfj. In this article, we offer a comprehen- 
sive treatment of this problem that is based on a detailed 
study of the projective space VP v hys of physical states. 
In particular, we obtain the explicit form of the natural 
metric tensor on VTiphya an d unravel the subtleties of 
the quantum Brachistochrone problem for a general uni- 
tary quantum system that is defined by a non-Hcrmitian 
Hamiltonian. 

In general if a linear (possibly non-Hermitian) operator 
has a complete set of eigenvectors and a real spectrum, 
then it can serve as the Hamiltonian operator for a uni- 
tary quantum system provided that the physical Hilbert 
space of the system is defined using an appropriate in- 
ner product [lj [ID, [TU ■ This leads to a quantum the- 
ory that turns out to be equivalent to the conventional 
quantum mechanics 0, In other words, this theory, 
that we refer to as Pseudo-Hermitian Quantum Mechan- 
ics [Til ], is an alternative representation of the conven- 
tional quantum mechanics. The key ingredient of this 
representation is that the inner product of the physical 
Hilbert space TLphys is determined by the Hamiltonian 
operator of the system. This has led to the discovery 
of an intriguing structural similarity between quantum 
mechanics and general theory of relativity [l5l |. It has 
also found applications in dealing with the Hilbert-space 
problem in quantum cosmology [16j . the old problem of 



constructing a unitary first-quantized quantum theory of 
Klein-Gordon fields [ijj , bound state scattering , and 
ghosts in certain quantum field theories [l9l |. 

In Q the authors consider a class of two-level non- 
Hermitian 'PT-symmetric Hamiltonians, define TLphys us- 
ing the so-called CPT-inner product, and explore the 
evolution of state vectors, i.e., elements of TL p h ys - They 
conclude that for a fixed initial and final state vectors, 
tpi and ij)F, one can obtain a Hamiltonian operator that 
evolves ipi into ipp in an arbitrarily short time r. In this 
article we reconsider this problem from the point of view 
that the true dynamics of physical states occurs in the 
projective Hilbert space VH p hy S , i-e., the state space of 
rays in the physical Hilbert space; a proper treatment of 
the quantum Brachistochrone problem requires a closer 
look at VH-phys and its geometry. 

In Hermitian quantum mechanics, the Hilbert space 
TL is defined by the usual L 2 -inner product and the pro- 
jective Hilbert space VTL is the projective space CP^ -1 
where N{< oo) is the dimension of TL. As pointed out in 
0], the lower bound on the duration r of the evolution 
is proportional to the geodesic distance (between the ini- 
tial and final states) that is determined using the Fubini- 
Study metric tensor on CP^ -1 , [2(J. This suggests con- 
structing the analogous metric tensor on VH p h ys - A con- 
venient method of doing this is to represent the states 
(elements of VHphys) by appropriate projection opera- 
tors and use the relevant inner product on the space of 
linear (trace-class) operators acting in 7i p h ys to induce 
the desired metric tensor on VTL p hy S - 

Let PL be a Hilbert space defined by the conventional 
L 2 -inner product (-|-) and H : TL — > PL be a linear di- 
agonalizable operator [2t| with a real discrete spectrum. 
Then there is a (positive-definite) inner product -<•,->- 
that renders H self-adjoint, i.e., -<ip,H<j)>=^H4',4)>, 
[ill ]. This inner product is not unique but has the 
general form -< •,• y= (-|?/+-), [30], where rj + : TL — » 
PL is a positive-definite operator satisfying the pseudo- 
Hermiticity condition: ift = 7] + Hn^ 1 , [13, [2^]. Here 
and throughout this paper we define the adjoint of 
every linear operator A using the L 2 -inner product (-|-) 
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through the condition (ip\A<t>) = (A^ ip\4>) . We say that 
A is Hermitian if A* = A. We also introduce the 77+- 
pseudo-adjoint A^ of A that is defined by A$ := rf^_ A^rj^-, 
|22j . This allows us to express the r7 + -pseudo-Hermiticity 
of A, i.e., the condition A^ = ri+Arj^ 1 , as A$ = A. 

The physical Hilbcrt space 7i p hys of the system whose 
dynamics is determined by the Hamiltonian operator H 
is obtained by taking the linear span of the eigenvectors 
of H in Ti, endowing it with the inner product -<•,■•>- for 
some (metric operator) rj + , and completing the resultant 
inner product space. Clearly any linear operator A acting 
in 7i p hys is self-adjoint if and only if A^ — A. These op- 
erators constitute the physical observables of the system 
[lH, the primary example being the Hamiltonian H. 

The Hilbert space 7i p hy S and the Hamiltonian H define 
a pseudo-Hermitian quantum system that can be equiv- 
alently described by the standard Hilbert space H and 

the Hermitian Hamiltonian h := 17+Hr], 2 , [tJQII- This 

means that there is a one-to-one correspondence between 

1 

elements of H and 7i p hy S , —> ip 1 := rjlip, and the corre- 

1 _ 1 

sponding physical observables, A — » A' := rj^_Ari + 2 , such 
that the expectation values coincide: = ^tott - ■ 

We begin our investigation of the state space in pseudo- 
Hermitian quantum mechanics by identifying physical 
states with orthogonal projection operators onto the cor- 
responding rays. Given a state vector ip £ Hphys — {0}, 
the corresponding orthogonal projection operator Ay, : 
W P hys — > H p hys is a self-adjoint operator (A*. = Ay,) sat- 
isfying Ai = Ay,, A^ip = ip, and Ay,0 = if -<ip,(f>y= 0, 



These conditions imply 

\%p)(ip\r] + 



Ay, = 



(ip\r) + ip) -<ip,i(>y'- 



(1) 



where \ip>~:= \ip) and -<ip\ := tyVl+i 

The inner product -<•,•>- of 7i p h ys induces the follow- 
ing inner product on the space of (trace-class) operators 
acting in H p h ys - 



(A, B) := tr{A*B) = tr^ 1 A^ + B) 



(2) 



where tr(A) :— J2 n ipn,Aip n >- and {ip n } is an arbi- 
trary orthonormal basis of H p h ys , uM- Using the def- 
inition of the inner product -<•,•>- and introducing 

1 

ij/ n := r)J_tp n which form an orthonormal basis in 7i, we 

have tr(A) = E»(V»«l»7+^n> = E n Wn\vUv+ k ■ 

1 _ 1 

Here the last sum is the usual trace of rj^Arj + 2 which 
in view of the cyclic identity for the trace coincides with 
the trace of A. This shows that "tr" is identical with the 
conventional trace used in Hermitian quantum mechan- 
ics. We also note that ^ is the unique inner product 
that for a given orthonormal basis {ipn} of 7Y p hy S renders 
{Ay,^} orthonormal. 



Next, we set dA 



■4, 



A 



on PTi p hys according to 

ds 2 := tr(dA*,dAy,). 



Ay, and define the metric 



(3) 



After miraculous cancellations of many terms in this 
lengthy calculation and using the identity tr(|i/>}((/>|) = 
(4>\ip), we find 



ds 2 



2 [-< ip, ip>—<dip, dip> 1 ^ip,dipy | 2 

I <ip,ip>- V 
2 [Mn+Wd^y+di/;) - \(ip\r] + dip)\ 2 ] 



(4) 



For the case that H is identified as endowed with 
the standard Euclidean inner product, i.e. (ip\ip) '■= 



J2 n =i z *Zi where ip = (zi, z 2 , • • ■ , z N ) and ip 
(z±, Z2, ■ ■ ■ , Zn), Equation takes the form 



JV 



ds 2 = gij* dzidz* 



where 



9ij* 



% Sp,g=l [VpqVji VpiVjq] z p Z q 



(5) 



(6) 



and (rjij) is the matrix representation of rj + in the stan- 
dard basis of C . If we identify 77+ with the identity 
operator, (J6j) yields the Fubini-Study metric on CP W_1 , 
[2fj|. To see this in more detail, consider the case N = 2. 
Relabelling the entries of (77^ ) in terms of the real pa- 
rameters a, 61, b 2 , c as 



a 61 + ib 2 

bi — ib 2 c 



(7) 



using the homogeneous coordinate ( := z 2 j 'z\ in the 
patch where Z\ ^ 0, i.e., taking (z l7 z 2 ) — > (1,C) ~~ * C 
(which is equivalent to setting z± — 1 and z 2 = Q, and 
letting £ =: x + iy with x, y £ K, we obtain 



ds 2 = 



2d {dx 2 + dy 2 ) 



a + 2(6icc - b 2 y) + c(x 2 + y 2 )} 2 



(8) 



where d :— ac — (b 2 + b 2 ) = det^-y). For rjij = Sij, 
i.e., a = c = 1 and 61 = &2 = 0, @ reduces (up to a 
factor of 2) to the well-known formula for the Fubini- 
Study metric on CP 1 (which is a two-dimensional sphere 
of unit diameter) [24[ . 

Equations {J) and (|4]) show that because the inner 
product of the physical Hilbert space depends on the 
Hamiltonian, so do the orthogonal projection operators 
representing the states and the metric on the state space. 
This is the root of the subtleties of the Brachistochrone 
problem in pseudo-Hermitian quantum mechanics. There 
is a fundamental difference between this problem and its 
Hermitian analog. Its proper formulation as a standard 
variational problem must include fixed (Hamiltonian- 
independent) choices for the initial and final states (as 
opposed to unobservable state vectors) as well as for the 
geometry of the space in which one minimizes the travel 
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time. One can apply the argument of Q and use the re- 
sults of [20( to identify the travel time with a multiple of 
the distance travelled by the evolving state in the state 
space VTLphys- This would make the lower bound on the 
travel time proportional to the geodesic distance between 
the initial and final states. 

In the treatment of the problem offered in (2j, both 
the boundary conditions and the very notion of distance 
depend on the choice of the Hamiltonian. Therefore, 
it is not clear whether the result corresponds to arbi- 
trarily close initial and final states or arbitrarily short 
travel times for distant states. To conclude that one may 
achieve "faster than Hermitian quantum mechanics" evo- 
lutions, one must consider initial and final states with a 
fixed distance and consider whether one can find evolu- 
tions that take less time than the lower bound set by 
Hermitian quantum mechanics. In the remainder of this 
paper we prove that this is indeed impossible [33|; 
Theorem: The lower bound on the travel time (upper 
bound on the speed) of unitary evolutions is a universal 
quantity independent of whether the evolution is gener- 
ated by a Hermitian or non-Hermitian Hamiltonian. 

To prove this theorem consider an arbitrary non- 
Hermitian Hamiltonian operator H that generates a uni- 
tary time-evolution in the Hilbert space H p h ys defined 
by a metric operator rj + . Let i^i and i^f = U{r)ipi be 
the initial and final state vectors, where U(t) :— e -1 ^?" 
is the evolution operator for H and r e K + is the travel 
time. Then the evolution operator u(t) :— e~~ for the 
Hermitian Hamiltonian h := rj^Hrj~^, which defines a 
dynamics in the Hilbert space H, evolves ip'j := rp^/jj 
into ij}' F := rjiipF = u(t)^'j in time r. This fol- 
lows from the fact that U(t) is 7?+-pseudo-unitary, i.e., 
Uit)- 1 = U{tf = ^{/(t^, H|. Next, recall that 

4 : Hphys -> H (9) 
is a unitary operator [§, [l(|, i.e., for all ip,4> & H p h ys , 

<ip,4>)~= (?7+'0l 7 7+0)- I n view of this relation and (JTJ) , 
it is not difficult to show that while the state Aj evolves 
into Ap in VH p h ys , the state A'j := r\^AivT^ evolves 
into A^, := 772 Af??" in VH. Because the travel times 
are identical (= r), the speed of the evolution generated 
by H will be different from that generated by h if and 
only if the length of the curve A(t) joining Aj to Ap in 
VTiphyg is different from that of the curve A'(t) joining 
A'j to A^, in VH. The optimal-time evolution for H cor- 
responds to the case that A'(t) is a geodesic in VH p h ys - 
To prove the above theorem, therefore, it is sufficient to 
show that the geodesic distance between A/ and Af in 
■PWphys is identical with the geodesic distance between 
A'j and A' F in VH. This follows from the fact that the 
diffeomorphism / : PHphys — * VH that is induced by the 
unitary transformation ([5]), namely 



/(A) := 772A77- 



(10) 



(|6|) on 'PHphys- In other words / is an isometry. Proba- 
bly the simplest way of showing this is to use ©, (fTD) . 
and the cyclic identity for the trace to establish 



ds 2 = tr(/(dA^)t/(dA^)) 



(11) 



and note that the Fubini- Study metric corresponds to 
d.s 2 =tr(dA^) where A^ := J$$l. 

Because the distance between Aj and Ap in VH p h ys 
is the same as the distance between A'j and A' F in VH, 
and because given a non-Hermitian Hamiltonian H that 
evolves Aj into Ap in time t the Hermitian Hamiltonian 
h evolves A'j into A' F in the same time r, the evolution 
speed for H is identical to that of h. In particular, there 
is no advantage of using a non-Hermitian Hamiltonian H 
as far as the lower bound on r is concerned. This argu- 
ment shows that a vanishing lower bound corresponds to 
arbitrarily close initial and final states; it can never be 
achieved for distant initial and final states. For the case 
of antipodal initial and final states Q, which is directly 
relevant to the problem of constructing unitary NOT op- 
erations in quantum computation [f|, we can verify this 
statement directly. 

First we note that without loss of generality we can 
confine our attention to two-level systems. If we repre- 
sent the initial state A/ by the state vector -0/ = f J 

the antipodal (final) state Ap, that satisfies ApA] = 
AjAp = 0, will be represented by a state vector of the 

P ' 
—a 

normalization constant, (3 := 61 + V02 = r\n, and we 
have enforced the condition (i/jp\r)+ipi) ipF, ipi y= 
and used ([7]). The initial and final states have the form 
1 S. \ ( -i \ 

pgj,A F =lp 1/' res P ec ti ve ly- This cal- 
culation shows that fixing the initial and final states puts 
a restriction on the choice of the metric operator r) + and 
consequently the allowed Hamiltonian operator H . One 





form 



A 



where v is an arbitrary nonzero 



can show that for tpp 



must be diagonal and S z 



1 

ft 
2 



the metric operator r]+ 



1 

-1 



satisfies S| = S z , 



pulls back the Fubini-Study metric on VH to the metric 



i.e., it is an observable. For general non-diagonal rj + , S z 
fails to be an observable; it does not describe the spin 
along the z-axis and its eigenstates are not the states of 
definite spin along the z-axis. 

The general form of an 77 + -pseudo-Hermitian two-level 
Hamiltonian for the most general r] + is given in [25| . To 
find the optimal-time evolution for the above boundary 
conditions, we can pursue three different approaches: (i) 
We can use the results of (2f| to determine the general 
form of H for a given value of [3/ a and fix the remaining 
degrees of freedom in H by minimizing the travel time; 
(ii) We can follow the approach of 0] and compute the 
minimum travel time by evaluating the geodesic distance 
between A/ and A^ using the metric (JSJ) ; (iii) We can map 
the problem to the one in the standard Hilbert space H 
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and use the known results for Hermitian Hamiltonians. 
Here we employ (iii), because it is more straightforward. 

Let and A' F be the corresponding states in VH. 
Then a quick calculation shows that A'j and A' F are also 

antipodal; AjA^, = r^A/A^ r? - ' = 0. Therefore, as im- 
plied by the above theorem, the lower bound on the travel 
time t is identical with hn/\Ei — Ei\ where E\ and Ei 
are the eigenvalues of h, |7fl. Note that because h and H 
are isospectral, Ei and E 2 are also eigenvalues of H. 

This calculation confirms the statement of the above 
theorem for the case that the initial and final states 
are antipodal states. It shows that for these boundary 
conditions the bound obtained for Hermitian Hamiltoni- 
ans also applies for admissible non-Hermitian Hamilto- 
nians. Therefore, non-Hermitian Hamiltonians (that are 
capable of generating unitary time-evolutions) do not of- 
fer any advantage in performing a faster unitary NOT- 
operation. This conclusion cannot be avoided unless 
one sacrifices unitarity. Note that the hypothetical se- 
tups that involve switching between Hermitian and non- 
Hermitian Hamiltonians at different times Q would re- 
quire a time-dependent metric operator which in turn vi- 
olates unitarity [27| ■ Therefore such scenarios cannot be 
used to undermine the general applicability of the above 
theorem. 

In this article we examined the structure of the projec- 



tive space VTiphys of physical states in pseudo- Hermitian 
quantum mechanics. We derived the form of the nat- 
ural metric tensor on VTLphys and showed that as a 
Riemannian manifold it is isometric to the projective 
Hilbert space VH of Hermitian quantum mechanics. Fur- 
thermore, we demonstrated that the time-evolution in 
VHphys that is determined by a diagonalizable non- 
Hermitian Hamiltonian with a real spectrum has a mirror 
image in the usual state space VH of Hermitian quan- 
tum mechanics. This is indeed a manifestation of the 
equivalence of pseudo-Hermitian (and in particular VT- 
symmetric) quantum mechanics with Hermitian quan- 
tum mechanics. A direct consequence of this equivalence 
is that physical quantities cannot differentiate between 
pseudo-Hermitian and Hermitian quantum mechanics. 
Pseudo-Hermitian quantum mechanics can only be useful 
as a technical tool particularly for dealing with systems 
with an infinite-dimensional Hilbert space where unlike 
H the equivalent Hermitian Hamiltonian h is generi- 
cally a complicated nonlocal operator. Typical exam- 
ples are the imaginary cubic potential, H = p 2 + ix 3 , 
and the delta function potential with a complex coupling, 
H = p 2 + z5(x), where z S C, [28j |. 
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This means that H has a complete set of eigenvectors. 
For a mathematically more rig orous treatment see [2lj . 
The CVT-inner products [12| cor resp ond to a special 
class of the inner products -<•,•>-, [la ]. 
The self-adjointness and orthogonality of A^ are dictated 
by the quantum measurement theory [2l| . 
Another way of deriving ([TJ is to use the Hermitian rep- 
resentation, i.e., demand that A^ = ( ^'ffi) ) V+- 
This is a stronger result than showing the impossibility of 
arbitrarily short travel times for distant initial and final 
states. The latter may be simply established using the 
fact that the travel time is proportional to the geodesic 
distance defined by the metric ©. 



